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Section 1: Multiple Choice (10 marks)

Indicate your answer on answer sheet provided.

Ql. Which of the graphs below shows y = x — % ?

(A) (B)

S~ 5

-2 -1

0 (D)

y y

0] !
5] 5]

—
2 1 1 2 X 2 1

5] 5]

) )

Q2. What is the eccentricity of the ellipse 16x* + 25y = 400

A 0.25
B 0.36
C 0.6

D 0.75
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Q3.

Q4.

Qs.

Student Number:

The Argand diagram shows the complex numbers w, z and u, where w lies in the
first quadrant, z lies in the second quadrant and u lies on the positive imaginary

N

Not to scale.

W

P

axis.

Z ,
A U=zw and U=z+w
B U=zw and U=z-w
C Z=Uuw and U=Z+W
D Z=Uuw and U=Z—-W

2
The value of J‘ 2x+2 dx is?
0

X +4
T
In2+—
A 4
B mn2+%
2
C In2
D 2In2

A curve is defined implicitly by the equation X+ Xlog, y =Y.

The correct expression for :—y is?
X
dy _ xy
A dx  1-x
dy _y(y—1-log,y)
B — =
dx X
d 1
C ay __ylog.y
dx X
dy _ y(1+log,y)
D dx y —X
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The horizontal base of a solid is the circle x>+ ” =1 . Each cross section is a
triangle with one side in the base of the solid. The length of this side of the triangle
is equal to the altitude of the triangle through the opposite vertex.
Which of the following is an expression for the volume of the solid?

1(! 5
A | (1—=x7) dx

2),

1
2
B J_l(l—x)dx

3 |
C —J (1-x7) dx
2 -1

1
D 2J (1 -x%) dx
-1

Not to Scale

The size of £ BAD in the diagram above is:

A 50°
B 55°
C 60°
D 65°
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Q8.

Qo.

Q10.

Student Number:

The equation 2X’ +4x—3=0 hasroots X=c,X=/ and X=y .
The equation with roots X =0,X=2a, X =20 and X =2y is?

A X' +8x-12=0
B x*+8x* —=12x=0
C 4% +8Xx—-6=0
D 4x* +8x* —6x=0

A particle of mass m kg is suspended from a fixed point O. The particle rotates in
a horizontal circle on the end of a string of length | with constant angular velocity
®. The tension in the string is T Newtons.

If the length | of the string and the angular velocity @ are doubled, the tension in
the string is now:

A T
B T

2
C 4T
D 8T

A particle P of mass m kg is attached to a string of length | and is suspended from a
point O above a smooth horizontal table. The particle moves on the flat surface of
the table with linear velocity V in a circle of radius r metres. The forces acting on
the particle are its weight mg, the normal reaction force N and the tension T in the
string. The string forms an angle a at the point O.

Which of the following is the correct resolution of the forces on P in the vertical
and horizontal directions.

A
B
C
D
End of Multiple Choice
MSC HSC X2 Trial 2016
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Section II Total Marks is 90
Attempt Questions 11 — 16.

Allow approximately 2 hours & 45 minutes for this section.
Answer all questions, starting each new question in a new booklet with your student ID
number in the top right hand corner and the question number on the left hand side of your

paper. All necessary working must be shown in each and every question.

Question 11. — Start New Booklet 15 marks

a) Write 2x° —15x> +38% — 30 as a product of real factors given that
X =3+1 is a zero.

b) Shade the region on the Argand diagram defined by the two inequalities

|2|<2 and |z2-2|<]

c) (i)  Find all the solutions to the equation z®=1 in X+ iy form.
(ii)) If w is a non-real solution to z® =1, show that w* + w? =—1
d) Consider the locus of Z such that [z—J2—i| = 1.

(1)  Sketch the locus of Z in the complex plane.
(i1)) Find the minimum value of [z|.

(i) Find the maximum value of the Arg(z) for 0° < Arg(z)< 90°.

e) The region bounded by y =In x, X =€ and the X-axis is rotated about
the y-axis. Find the volume so formed using the cylindrical shells
method.

End of Question 11
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Question 12 — Start New Booklet

b)

The curve y = f(x), sketched above, has an asymptote at y = 0. Copy
or trace the above graph onto three separate number planes. Use your
diagrams to show sketches of the following graphs, showing all
essential features.

@ y=0ey
(i) W=S(x)
(i) ¥ =In(/(x)

Given the function x” — 2xy = 4
(1) Show that is increasing for all X, X # 0
(i1) Sketch the curve showing all asymptotes and intercepts on

the coordinate axes.

3
A hyperbola has eccentricity 2 and directrices X =—4 and X =4.
Find the equation of this hyperbola.

Question 12 continues next page.
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Question 12 continued.

y
4
\ P
D

\

<€ - >
IS X
v

2

2
d) P (acos 0,bsin 9) is a point on the ellipse X_2+E)/_2 =1.
a

The tangent at P meets a directrix of the ellipse at D. S is the corresponding focus.
(1)  Show that the tangent at P has equation

Xcos@+ ysinf
a b

1.

(i) Show that ZPSD =90".

End of Question 12
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Question 13 — Start New Booklet 15 Marks
a) (i) Showthat [ f(J;) dx = ['f(a—x)dx. 1
. 2 cos’x
(i) Hence evaluate —3 .3 2
o COS™XFsiny
. . C . 4x
b) Use the method of partial fractions to find a primitive of D)’ 3
c) The equation x> + px + ¢ = 0 has roots a, p and .
Show that o + B° + 7Y = 3aBy . 3
d) The variable points P [Cp,EJ and Q (Cq,Ej lie on the hyperbola Xy =C° as shown
p q
in the diagram below.
y
\
The tangents to the hyperbola at P and Q intersect at the point T.
M is the midpoint of PQ.
The equation of the tangent at P is X + p’y = 2¢cp.
(i)  Show that the coordinates of T are (%ﬂ,i j 2
P+q p+q
(i1))  If O is the origin, show that O, T and M are collinear . 2
(ii1))  Find an expression for g in terms of p if T, M and S are collinear, 2

where S is a focus of the hyperbola.

End of Question 13
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Question 14 — Start New Booklet 15 Marks

a) An air puck of mass 0.382 kg is tied to a light inelastic string and allowed to
revolve in a circle of radius 0.43m on a horizontal, frictionless table. The other
end of the string passes through a hole in the centre of the table and a mass of
0.72 kg is tied to this end. The suspended mass remains at equilibrium while the
puck moves. (g = 9.8 ms™)

What is the speed of the puck which keeps the lower weight at an equilibrium.

b) (i) Ifaand P are roots of x% —2x +4=0 prove a™ — " = 2"t Sin(n?n).
o - |38
(i1)) Hence find an exact expression for the value of 3 -
c) Evaluate [ 05 e* cos x dx using the method of integration by parts.

Question 14 continues on next page.
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Question 14 continued.

d) A wedge is cut from a right cylinder of radius r by two planes, one perpendicular
to the axis of the cylinder while the second makes an angle a with the first and
intersects it at the centre O of the circle.

A is the area of the triangle that forms on face of the slice.

1
(i)  Show that 4= E(r2 - yz) tana

2
(i1)) Hence show that the volume of the wedge is 3 » tana .

End of Question 14
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Question 15 — Start a new booklet

a) Show that (x — 1) is a factor of P(x)= x> —mx" "' +mx" "' =1
for integers n > 2
b) The diagram below shows points S, T, U, V and W lying on a circle.

Chords ST and SU are equal and chords UV and VW are equal.
SW produced and TV produced meet at X.

w
Vv
U
T
(i)  Copy the diagram into your booklet.
(i)  Show that ZSUT = £ZSXV + £ZXSV.
(iii) Show that ST = SX.
Question 15 continues on the next page
MSC HSC X2 Trial 2016
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Question 15 continued.

c) A light inelastic string OP is fixed at O. A particle, of mass m, attached to the
string at point P is moving uniformly with an angular velocity ®, in a horizontal
circle whose centre C is vertically below O and is distance h from O.

0]

Prove that the period of motion is 21 \/g

d) (i) If I, =[tan"xdx showthat I,= —— tan""lx — I,_,.

(i) Evaluate J tan’x dx between the limits of X=0 and x = % .

End of Question 15
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Question 16 — Start a new booklet 13 Marks

a) The diagram shows the cross section of a sphere through which a cylindrical
hole of length L has been drilled.

(i)  Show that the annulus formed by rotating the interval AB about the x-axis
has area % (L,2 - 4x2} square units.

(1) Hence show that the volume of the solid remaining is the same as the
volume of a sphere of diameter L.

b) In the Argand diagram below, OPQ is a triangle which is right-angled at Q. The
point R is the midpoint of OP.

—» — 1
(i) If OP = zand OO = w show that 6§=§(1—ki)w

where K is a constant , kK > 0.

(ii) Express Eé in terms of w and hence show |6R’ | = |E(5 .

Question 16 continues on next page.
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Question 16 continued

c) The question refers to the diagram below.

A particle of mass m travels at constant speed v around a circular track of radius R,

centre C. The track is banked inwards at angle of ©, and the particle does not move
up or down the bank.

The reaction exerted by the track on the particle has a normal component N, and a
component F due to friction, directed up or down the bank.

The force F lies in the range from -uN to uN where p is a positive constant and N is
the normal component; the sign of F is positive when the force is directed up the
bank. The acceleration due to gravity is g. The acceleration related to the circular

. . v .-
motion is of magnitude —; and is directed towards the centre of the track.

R
(1) Show that mg = NcosB + Fsind
(i1) Show that
(iii) The particle will begin to move up the bank when the lateral force F

first exceeds the maximum force acting down the track. Show that
the maximum speed V at which the particle can travel without
slipping up the track is given by

i+ tan®
V?=Rg\T—
g{l - utane}

(iv) Let U be the minimum speed that the particle can travel around the

track without sliding down the bank. Find an expression for U 2in
terms of R, g, u and tane.

(V) Show that if W = tanB , then the particle will not slide down the
bank regardless of its speed.

End of Examination
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Method 1 — combine the graphs

Q1
Q2
Q3
J‘22x+2
9x2+4
2 2x 2]
= 3 dx+2| — dx
0oX +4 0X +4
2 <172
Q4 = [ln(x2+4)]0 +2 tan_li]
! 40
= In8 —In4 + 2(tan l—tan10}
8
= 1nz+2[g—o
= In2+3

2




Q5

x+xlny=y

xdy _dy
l+lny+ydx_dx

_ x|dy
1+lny—[1—yJ f
dy S y—x
o~ (1) = S

@_y(l + Iny)
dx y—x

Q6

2

. 1 h
Area of triangle 3 bh = >

Q7

Opp angles of cyclic quad.




Il
]
=]

M= =
I
=}

MECEHE

3

A P

+. ifx = 0 is a factor as well

3
X 4 2 _
4x[z+2x—3} =x +&8& —12x=0

Q9

Q10




Q11

2x° —15%* +38x-30

Real coefficients therefore roots in conjugate
pairs.

Factors

2 marks — correct solution

1 mark — obtains
¥ —6x+10asa quadratic
factor

3 marks — correct solution

2 marks — correct
representation of |z|=2 and
|2-2[=z|

1 mark - correct
representation of |z|=2 or
|2-2|=z]




2 marks — correct solution

ot 1 mark correct values in trig
form only.
Or Roots are
137 ;13 i
2 marks — correct solution
. | mark — factoris z° — 1 and
c-ii . .
attempts to obtain required
result or equivalent trig
method
E-L2-1=1
SRS
d-i 1 mark — correct solution
d-ii Minimum |z] = 3 - 1 1 mark — correct solution

d-iii

1 mark — correct solution




3 marks — correct solution

2 marks — forms a correct
expression for V as an
integral and finds the correct
primitive function.

1 mark — forms a correct
expression for § v or for V as
an integral




QI2

1 mark — shape —
students should

a-1 attempt to show
“above/below” w.r.t to
y=1
1 mark — shape —
students should
a-ii attempt to show
“above/below” w.r.t to
y=1
2 marks — correct
asymmetric shape with
a-ii asymptote
1 mark — symmetric
shape and asymptote
X - 2xy=4
dy
2x—2y—2xdx— 0
dy y-—x 2 marks — correct
dx  x solution
' Y_4 1 mark
b-i y= - Correct dy/dx
g 2 - Correct
dy _rX 2x —2(x -4 explanantion
dx X for incorrect
¥ +4 dy/dx
==

whichis>0 forallx # 0




2 marks — correct
graph including
oblique asymptote and
intercepts

1 mark — graph with
intercepts or asymptote

[ o]

|H"" lek

(%]
[=x

(£

&l=e Suf=

2 marks — correct
solution

1 mark — correct
solution from incorrect
eccentricity




x = acosf % = —asinf
d
y = bsinB ﬁ = bcosB
dy _ bcosb
dx  —asinB

y=-»= m(‘x_‘xl)

bcosO
Y — bsin® = — —2(x _ acos6)
asind
aysind — absin’® = — bxcosd + abcos 0

aysin® + bxcosd = ab(sin’0 + cos’0)
aysin® + bxcos0 = ab
ysinB N xcosO _
b a
xcosO N ysinB _
a b

1

1

2 marks — correctly
demonstrated

1 mark

— correctly formed

dy/dx

- Cartesian
equation for
tangent quoted




Point D

xcosﬂ] y b
sinf

a COSBJ b
e a )sinf
cose] b

e

sinB

3 marks — correct
solution

2 marks — correct
gradients but
incomplete
demonstration of
Mg X mg, = "1

1 mark — one correct
gradient




QI3

LI Fe) dx = [ fla—x) dx.

1 mark — correct
solution

2 marks — correct
solution

1 mark — forms
correct alternative
form for I,




4x _ax+b c

= +
X+ Ix—1) ¥+1 x—1

(ax + bYx — 1)+ c(x* + 1) = 4x
(a+ o)+ (b—ay+ (c—a)=4x

From(1)+ (2) b+c=4

From (3) c=b
2b=4
b=2
=2
a="2
| e ¢
@+ Dea-1)“
J'2x+2 2
= + dx
x+1 x-1
2x 1 1
= — dx+2 dx + 2 dx
x+l 1 x—1

—1In(x* + 1)+ 2tan’ (x)+ 2In(x - 1)+ C

= 2tan (x)+ ln%

3 marks — correct
solution

2 marks — obtains
two correct primitive
functions

1 mark — obtains the
correct primitive
function or correctly
evaluates
coefficients.




x3+px+q=0

b
atB+y= _E=0

c
ay+oaf+Py=—_=p

3 marks — correct
solution

2 marks — obtains
expression for

af=-—=—¢q atPry=
a af +ay + By =
As « y and B are roots 3.3 3 By =
o By
¢ 3
o +patg=0 ,
3 _ 1 mark — obtains
B +rB+q=0 correct ex i
3 pressions
Y tpy+qg=0 for
atB+y=
(@ + B +v)) +pla+ B+y)+3g=0 R
(@ +B +y)+pXx0+3g=0 and makes progress
3 33 towards required
(o +B +v)="3q result !
3,3, .3 :
(o + B +y) =3ayp
T — intersection of 2 tangents
2. _
x+tpy=2p
x2+ 9’2;}) =2cq
yp~—q)=2c(p-q)
Wpt+q)= 2; ' p*q 2 marks — correct
=€ solution
& P4
R - p° X 2 _ 2ep 1 mark — obtains one
rPtq correct coordinate of
2
x= 2¢cp— 2cp T
, ptq
_ 2cp”+ 2cpg — 2(,}92
Pty

2cpg
ptq




If collinear then Mo = My

_|dpt@elptq)
M_{ 2 7 2pq ]

2 marks — correct
solution

d-ii 1 mark — obtains
— cptq) 5 2 _1 coordinates of M or
* 2pq cptq) pg correct expression for
either OM or OT.
2¢ ptqg 1
m = —
o ptq 2epq pq
Focus of hyperbola in first quadrant: (Ji ¢, 2 c)
| 2 marks — correct
If all points are collinear then m,g= p_q solution.
d-iii a2 1 | mark — significant

Y
pg=1
|

P

progress in applying
gradients OT, OM
and OS.




Q14

2 marks — correct solution

1 mark — equating two
expressions for T.




X —2x+4=0

(x—1Y+3=0
(x—1Y="3
x= 1ﬂ:J§i
cis form
. TU
a—2c1s3

B = 2cis[ —%J

.3
o' =2"cis(nm ")

B" = 2" cis(nm )

a"— B = 2" cis(nm ) — 2" cis(nm )

\ nm AT
=2 cosT+1sm—— cos| —

3

n ATt . AT nTt
= 2"y cos— + isilr=— — cOos

3 3

. AT
=2" X Zzsm?

n+l. . ATt
=2 zsmT

) -

3 marks — correct solution

2 marks — incomplete
solution ie. Important
explanation not included eg.
sin( —x) = —sinx

1 mark — some progress
towards solution

29 isi 8m
o g isin| —
8

28 2

Il
ro
1z
=
o
[y
““|=|
M

Il
o
—

1 mark — correct solution by
correct process




4 marks —correct solution
3 — producing 2l

2 marks — correct first
integration

1 mark — correct process in
identifying v and u’ to use
in integration by parts

2 marks — correct solution

1 mark — expression for h




3 marks — final solution
2 marks — integral

1 mark — formation of
¥ statement




Q15

2 marks — correct solution

a 1 mark — obtains P’(x) and
P”’(x) and either
P’
Hence
2 marks — correct solution
1 mark — shows
b 2SVT =245XV +2XSV

With reason or
LSVT = SUT with
reason or equivalent
progress




2 marks — correct
solution

1 mark — establishes at
least two relevant facts
relating to the solution.




4 marks — correct
solution

3 marks — correct

derivation of w = \/%

2 marks — correct
expressions for Tsine or
Tcose

3 marks — correct
solution

2 marks — obtains tow
correct integral
expressions

1 mark applies identity
for tan’x




2 marks — correct
solution

1 mark — correct
expression for I3 and Is
but incorrect evaluation.




Q16

2 marks — correct solution

1 mark — determination of
cither R’ or i’

Note % is NOT indicated as

inner radius of annulus in
diagram. — it is half length of
the cylinder.




2 marks — correct
solution ; note question
asked to compare with

sphere of diameter 5 SO

this comparison should be
represented,

1 mark — correctly formed
integral

2 marks — correctly
demonstrated

1 mark
- OP=kiOQ




2 marks — correct solution

1 mark — conjugates
formed but no comment
made on equal modulus

1 mark for showing
OR =RQ

Note: Question said
“hence” therefore required
connection with RQ.

Resolving forces vertically.

1 mark — correct solution

Answer must clearly
demonstrate from where
the vertical components
are derived — not just
restating the equation in
question.




Resolving forces horizontally.

@ +®

m’ 1 ~ NsinB — Fcos®

X — =
R mg NcosO + Fsind

v ~ NsinB — Fcos®

R_g_ NcosB + Fsinf

2 mark — correct solution
from clearly demonstrated
method.

1 mark — resolving forces
horizontally.

c-iii

For sliding upwards to occur — then must overcome
maximum downwards friction ie.
F=—uN.

v_z ~ NsinB — Fcosb
Rg NcosB + Fsinf

becomes

> Nsind — (- pN)cos®

R_g  Ncosd + (— nNsinB

p? ~ NsinB + uNcos®  cosB

R_g_ Ncos® — uNsin® ~ cos®
V> N(tand + p)
Rg N(1- ptand)
|+ tand

1 — ptan®

2
V°=Rg

2 marks — includes
explanation of why —uN
used.

1 mark — correct division
process




Similarly to slide down — need to overcome
upwards friction F = uN.

v_2 ~ Nsin6 — FcosH
Rg NcosO + Fsinf

becomes
U? _ Nsind — (uN)cos0

v Rg  Ncos® + (p)Nsind 1 mark — correct solution
iz_ Nsin — uNcos®  cosB
Rg Ncos® + puNsin®  cosB
U®  N(tanf — p)
Rg  N(I+ ptand)
tan® — p
U*=Rgjm—————
gl + ptand
tan — p
U’ =R
g{l + tane} @
Ifp = tan® thenp—tan® = 0
oy 1 mark —c orrect expression

therefore U < 0 from (3)
but U* = 0 therefore U = 0

= for any speed v > 0 the particle
will NOT slide down the track.

derived




